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Abstract
A Zee-type neutrino mass matrix model with a badly broken horizontal
symmetry SU(3)H is investigated. By putting a simple ansatz on the symmetry
breaking eects of SU(3)H for transition matrix elements, it is demonstrated





2me=mµ = 6:7 10−3, which are in excellent agreement
with the observed data. In the near future, the lepton-number violating decay
Z !  will be observed.





The recent Super-Kamiokande collaboration [1] has reported, by comparing the day/night
spectrum and results of flux global analysis, that the small mixing angle MSW and just-
so solutions for active neutrinos are disfavored at 95% C.L. and a mixing with sterile
neutrinos is also disfavored at 95% C.L. On the other hands, we have already known
that the atmospheric neutrino data suggests a µ $ τ mixing with a large mixing angle
sin2 2 ’ 1 [2]. If we take these experimental results seriously, we are forced to accept only
a model which gives a nearly bimaximal mixing among the active neutrinos (e; µ; τ ).
We must seek for the origin of the nearly bimaximal mixing.
As promising one of such the models, the Zee model [3] is known. In this model, a





























where i = 1; 2; 3 are family indexes, ‘ciL = (‘iL)
c = C‘
T
iL, and c12 = −c21 are real mass
parameter. The neutrino mass matrix M is radiatively generated as
Mij = m0fij(m
2
















mei = yih02i = yi(v=
p




jh01ij2 + jh02ij2 = 174












 cos  − sin 








+ = +1 cos  − +2 sin : (1:7)
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Based on the recent solar and atmospheric neutrino data, Smirnov and Tanimoto [4]
have investigated the model in detail, and they have concluded that there is no solution
of the solar neutrino problem unless introducing a sterile neutrino s, although the model
can explain the observed large mixing sin2 2atm ’ 1. However, they have investigated




13  1 and tan  = M13=M23  1 considering
m221  m232 (m1 < m2 < m3), and they have not considered the case jM12j  jM13j 
jM23j. The case jM12j  jM13j  jM23j has been investigated by Jarlskog et al. [5], and
they have pointed out that the case can lead to the nearly bimaximal mixing.
In the present paper, we put a simple ansatz on the coupling constants fij and yi
under a badly broken flavor symmetry, and thereby we will obtain the nearly bimaximal




2me=mµ = 6:7 10−3.
2 Assumption on the symmetry breaking of SU(3)H
We consider a badly broken horizontal symmetry [6] SU(3)H . We introduce parameters
si (i = 1; 2; 3) as a measure of the symmetry breaking of SU(3)H . In the present paper,
we do not touch the origin of the symmetry breaking.
Our basic assumption on the magnitudes of the symmetry breaking eects is as
follows: The magnitude of the matrix element hei(p)jyij(eiej)jej(p)i, which is a component
of 3 3 = 1 + 8 of SU(3)H , is proportional to ijs2i in the limit of jpj ! 1, i.e.,
yihei(p)j(eiei)jei(p)i = s2i  const; (2:1)
while the magnitude of the matrix element hiL(p)jfij(ciLejL)je−j (p)i − (i $ j), which is
a component of 3 of SU(3)H , is proportional to k"ijksk in the limit of jpj ! 1, i.e.,
fijhiL(p)j(ciLejL)je−j (p)i − (i $ j) =
∑
k
"ijsk  const: (2:2)
Here, note that our requirements are applied in the limit of jpj ! 1, because the state
eiL ( also even iL) is not eigenstate of the helicity h in nite momentum frame unless the
particle is massless.

















ucνiL(p)uejL(p)− (i $ j) ; (2:4)
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respectively, where the spinor ui(p) is normalized as ui(p)ui(p) = 1. Since in the limit of









so that the assumptions (2.1) and (2.2) require
yimei = s
2
i  const; (2:6)
and
fij(mej + mei) =
∑
k
"ijksk  const; (2:7)
respectively, where \const" includes jpj. Recalling yi = mei=h02i, we obtain the symmetry










f ; feτ = "132
mµ
mτ + me




3 Mass spectrum and bimaximal mixing
By using the results (2.9), we obtain the following mass matrix elements Mij :
Meµ = "123mτ (mµ −me)fm0=m2τ ;
Meτ = "132mµ(mτ −me)fm0=m2τ ;
Mµτ = "231me(mτ −mµ)fm0=m2τ : (3:1)


















The matrix form (3.2), except for the sign of M13, is identical with the neutrino mass
matrix which has recently been proposed by one of the authors (A.G.) [7] on the basis
of discrete Z3Z4 symmetries, and it is know that the matrix form (3.2) can lead to the




cos  − sin  0
− 1p
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8a2 + b2 + bp















8a2 + b2 − b
)
; mν3 = b : (3:6)
Since ab in the present model, we obtain
m212 = m
2
ν1 −m2ν2 = b
p





ν2 −m2ν3 ’ 2a2 ; (3:8)













= 6:7 10−3 ; (3:9)





























atm, respectively. The predicted value








3:2 10−3 eV2 ’ 6:9 10
−3: (3:11)
Note that the neutrino mass hierarchy in the present model is jmν1j’mν2mν3. Since
m223’m2ν2, we can obtain the value of mν2 (and mν1) as follows




m2atm ’ 5:7 10−2 eV (3:12)
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mν2 = 2:0 10−4 eV: (3:13)
It will be hard to detect such small masses of mνi directly. Furthermore, since hmνi 
j∑i miU2eij = 0 due to M11 = 0 in the present model, it is also impossible to detect the











we obtain the numerical result
fm0 ’ 2:4 10−3 eV ; (3:15)
f sin 2 tan ln
M21
M22
’ 1:2 10−5 : (3:16)
4 Constraints from the electroweak data
The sensitive upper bound on jfij j is , at present, given from the !eeµ decay as
derived by Smirnov and Tanimoto [4]
jfeµj2 < 2:8 10−3 GF M 2 ; (4:1)
where M is dened by (1=M
2
) = (1=M21 ) cos
2 +(1=M22 ) sin









2 = 174 GeV). (Our denition of the coupling constants fij are dierent from that





where M2Φ is the squared mass of the charged scalar 
+ dened by Eq. (1.7) [the M211















 M21 ; (4:3)





 3 10−2 : (4:4)
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Since we expect visible eects of the Zee boson, we consider a value of feµ as large as
possible. For example, we suppose feµ  100, which means f  10−1 and M1  104 GeV.
We consider that it is likely that the Zee boson has such a intermediate mass scale.
The contribution of the Zee boson to the radiative decays  ! eγ,  ! eγ and














f 4 ’ 2:9 10−10f 4 ;
(fτefeµ)
2 ’ f 4 : (4:5)
Although the dominant mode of the radiative decay in the present model is  ! γ,
the constraint on the Zee boson contribution in the !eγ decay is still severe compared
with that in the !γ, because the present experimental upper limits [9] of the partial
decay widths Γ( ! γ) and Γ( ! eγ) are B( ! γ)=() < 3:0  10−6=2:9 
10−13 s = 1:0 107 s−1 and B(!eγ)=() < 4:9 10−11=2:2 10−6 s = 2:2 10−5 s−1,
respectively. However, even in the  ! eγ decay, as discussed in Refs. [4] and [5],
the present experimental upper limit of the decay rate B(!eγ) cannot give a severe
constraint on the magnitudes of fij .
We think that the most promising test of the present model is the observation of a
lepton-number violating decay Z ! , which is caused through Z ! e + e and a
triangle loop with exchange of the Zee boson [and also through Z ! H+a + H−a (a = 1; 2)
]. Similar lepton-number violating decays Z ! eiej (i 6= j) can be caused by the exchange
of scalar fermions in a minimal SUSY standard model with explicitly broken R-parity via
L-violation [10]. In the present model, it is characteristic that only the dominant mode
is Z ! , which is proportional to (feµfeτ )2 ’ f 4. We roughly estimate the ratio
R = B(Z ! )=B(Z ! e+e−) as
R =
Γ(Z ! )








 10−6 ; (4:6)
where we have supposed feµ  1, i.e., f  10−1. (We must calculate all related diagrams
in order to remove the logarithmic divergence. More details of the Z ! eiej decays will
be given elsewhere.) The present experimental upper limit [9] is B(Z ! )=B(Z !
ee) < 1:2 10−5=3:367 10−2 = 3:6 10−4. We think that the value R  10−6 is within
the reach of our near future experiment.
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Another interesting observable quantity is the mixing matrix element Ue3. The
direct numerical calculation from the expression (3.1) [not the approximate expression
(3.2)] gives the value of the mixing matrix element Ue3
Ue3 = −1:64 10−5: (4:7)
However, the value (4.7) is too small to detect even in the near future, since the present
experimental upper bound [11] is Ue3 < (0:22− 0:14).
5 Conclusion and discussion
In conclusion, we have investigated a neutrino mass matrix based on the Zee model with
a badly broken horizontal symmetry. A simple ansatz for the symmetry breaking eects
leads to feµ ’ (mτ=mµ)f , feτ ’ (mµ=mτ )f and fµτ ’ (me=mτ )f for the Zee boson-
lepton coupling constants fij . The Zee mass matrix with such coupling constants fij





2me=mµ = 6:7 10−3.
Since the coupling constant c12 of the 
T
1 i22h
− term in the Lagrangian (1.1) has
a dimension of mass, we think that the Lagrangian (1.1) is not a fundamental one, but
an eective one. In the present model, the horizontal symmetry SU(3)H is badly broken.
We do not consider that the broken symmetry in the eective Lagrangian is brought by a
spontaneous symmetry breaking. We consider that there is no horizontal symmetry in the
fundamental Lagrangian from the beginning. Nevertheless, we have used the prescription
of the \broken symmetry" only for the convenience of the phenomenological treatments.
Usually, the assumptions for the symmetry breaking are put on the coupling con-
stants directly, while in the present paper, the requirements are put on the transition
matrix elements including the coupling constants. The present prescription is somewhat
unfamiliar and strange if quarks and leptons are fundamental entities. The present as-
sumption may be understood by a composite model picture of quarks and leptons in
future.
The present phenomenological success seems to suggest that the Zee model should
be taken seriously. Then, our future tasks will be as follows: What is the meaning of the
present prescription for the symmetry breaking? How can the Zee model we embedded
into a unication scenario?
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